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Fig. 1. Overview of G3R. Starting from an input unoriented point cloud (left), we generalize the winding-number approach by evaluating Green’s third
identity on a basis of harmonic functions (e.g. � ∈ {1, �, �, �}, middle). By stacking the integral constraints from multiple harmonic functions, we construct a
well-conditioned linear system that directly yields globally consistent normals and high-quality surface reconstruction (right).

Surface reconstruction from unoriented point clouds is a fundamental prob-
lem in geometry processing. While recent winding-number-based approaches,
such as Parametric Gauss Reconstruction (PGR) and Anisotropic Gauss Re-
construction (AGR), provide elegant implicit formulations, they often suffer
from underdetermined or ill-conditioned linear systems. In this work, we
analyze the theoretical root of this instability: the winding number formula
is oblivious to a broad family of tangential perturbations of the normal field,
which introduces a non-trivial nullspace in the resulting integral equations.
To address this, we present G3R, a simple yet effective method based on
Green’s third identity for harmonic functions. This approach eliminates
the tangential nullspace with a basis of harmonic functions, resulting in a
well-conditioned linear system which can be solved directly without addi-
tional regularization. Furthermore, we apply a Gaussian mollification of the
fundamental solution, which handles near-field singularities robustly. We
adopt a matrix-free implementation and accelerate it with a hierarchical
scheme to scale our method to large point clouds. Experiments demonstrate
that our approach achieves highly competitive performance in both normal
orientation accuracy and surface reconstruction quality. Our code is publicly
available at https://github.com/ne0-wu/G3R.
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1 Introduction
Reconstructing high-quality surface meshes from raw, unorganized
point clouds is a cornerstone problem in computer graphics and
geometry processing. An effective class of approaches in this cat-
egory is based on the winding number or Gauss formula, which
expresses the indicator function of a region (evaluates to 1 inside, 0
outside, and 1/2 on the boundary) as a boundary integral over the
surface. PGR [Lin et al. 2022] and its anisotropic extension AGR [Ma
et al. 2025a] utilize the constraints that the winding number formula
evaluates to 1/2 at surface samples, leading to a linear system for
the unknown area-weighted normals.

In this paper, we revisit these formulations from the viewpoint of
boundary integral equations. The winding number can be seen as a
special case of Green’s third identity evaluated with the constant
harmonic function � = 1. This makes the constraints insensitive to
a broad family of tangential perturbations (in particular, surface-
divergence-free fields), thereby introducing a large nullspace in the
resulting integral equations, leading to under-determinacy and poor
conditioning observed in PGR and AGR. Motivated by this insight,
we propose a new formulation based on Green’s third identity that
evaluates the identity on a basis of harmonic functions, thereby
eliminating the tangential nullspace and offering a way to construct
a stable linear system.

Specifically, we build equations from Green’s third identity us-
ing a set of harmonic functions {�� }��=1. Each harmonic function
yields a linear constraint on the unknown normals, and stacking
these constraints produces a well-conditioned system to be solved
in the least-squares sense. In contrast to prior winding-number-
based methods, the resulting normal equations exhibit substantially
improved numerical conditioning, and allow for direct solution
without additional regularization.
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To handle the near-field singularities in the integral kernels for
stable evaluation, we replace the Dirac delta source in the funda-
mental solution with a smooth Gaussian mollifier, which removes
the singularity and enables robust near-field evaluation of both the
single and double layer potentials.

For moderate-sized point clouds, the resulting least-squares sys-
tem can be assembled explicitly and solved with direct solvers when-
ever memory permits, providing a simple and reliable implementa-
tion path. To scale to large inputs, we further adopt iterative solvers
and implement our operators in a matrix-free fashion. We accelerate
the time-consuming matrix-vector products using an octree-based
scheme, leveraging the far-field decay of the underlying kernels.

Our main contributions are summarized as follows:

• An analysis of the nullspace problem in winding-number-
based normal orientation methods.

• A stable, well-conditioned linear system to solve for normals
by evaluating Green’s third identity on a basis of harmonic
functions and eliminating the tangential nullspace.

• A scalable, matrix-free implementation using a hierarchical
structure, enabling efficient processing of large point clouds.

• Highly competitive performance on normal orientation accu-
racy and surface reconstruction quality, demonstrated through
extensive experiments.

2 Related Work

2.1 Surface Reconstruction from Oriented Point Clouds
A substantial body of prior work assumes that oriented points—
positions together with consistently oriented normals—are available,
and focuses on reconstructing an implicit surface from such input.
Poisson Surface Reconstruction (PSR) [Kazhdan et al. 2006] and
its screened variant SPSR [Kazhdan and Hoppe 2013] are classical
methods in this category. Given a set of oriented points, these meth-
ods interpret the input normals as samples of the gradient of an
indicator function, and recover a scalar field by solving a (screened)
Poisson equation on a volumetric grid using a finite element dis-
cretization. The resulting scalar field can be viewed as a smooth
approximation of the indicator function, from which the surface
is extracted as an iso-surface. Sellán and Jacobson [2022] recently
proposes a stochastic interpretation of Poisson reconstruction by
viewing the indicator function as the posterior mean of a Gaussian
process conditioned on the input normal observations, enabling
Bayesian uncertainty quantification for the reconstruction.

In parallel, a family of methods derives implicit formulations from
the generalized winding number [Barill et al. 2018; Jacobson et al.
2013], also referred to as the Gauss formula [Lu et al. 2018]. These
methods express the indicator function of a shape as the total solid
angle subtended by the surface at a query point, and approximate
the boundary integral by discrete sums over the input points.

2.2 Reconstruction from Unoriented Point Clouds
In many practical scenarios, raw point clouds lack consistently ori-
ented normals. Building upon the success of winding-number- and
Poisson-based methods for oriented inputs, recent advances lever-
age the structural properties of implicit fields as geometric priors

to tackle the normal orientation problem. PGR [Lin et al. 2022] di-
rectly enforces the winding number constraint at the input surface
samples. However, this yields an under-determined system, with
only 𝑁 equations for 3𝑁 unknowns, and thus requires artificial
regularization to solve. AGR [Ma et al. 2025a] resolves this prob-
lem by deriving a family of anisotropic kernels and stacking the
resulting equations to construct an over-determined linear system.
Concurrently, Convection Augmented Gauss Reconstruction [Ma
et al. 2025b] introduces additional convection terms to address this
issue. Globally Consistent Normal Orientation (GCNO) [Xu et al.
2023] takes a different route and enforces the value of winding num-
ber away from the surface to be 0 or 1 through a non-linear energy.
Metzer et al. [2021] trains a neural network to learn coherent nor-
mal field on patches, and attains global consistency via a dipole
propagation. Closest to the Poisson framework, Kohlbrenner et al.
[2025] formulates the problem on tensor fields rather than vector
fields and squares the Poisson energy to handle unoriented inputs.
Leveraging the Gaussian Process view of PSR, Huang et al. [2024]
incorporates uncertainty quantification into the normal orientation
process. Xiao et al. [2023] propose to simultaneously optimize the
implicit field and point normals by establishing isovalue constraints
on the point cloud.

A particularly successful class of recent methods formulates nor-
mal orientation as a fixed-point problem, and solves it via an iterative
scheme. Iterative Poisson Surface Reconstruction (iPSR) [Hou et al.
2022] extends SPSR to unoriented inputs by repeatedly solving the
screened Poisson equation and updating the normals using the iso-
surface’s normal vectors. Winding Number Normal Consistency
(WNNC) [Lin et al. 2024] states that the negative gradient of the
winding-number field at a point should be codirectional with the
normal used to construct the field. The accompanying algorithm
alternates between minimizing the PGR residual and realigning the
normals to match the gradients of the winding number. Liu et al.
[2025] also employ this gradient-alignment strategy and applies it
to the screened version of winding number.

Besides winding-number- and Poisson-based methods, more geo-
metric approaches have been proposed. Huang et al. [2019] defines
an implicit function as the minimizer of a Duchon’s energy and
excels at sparse data. Xia and Ju [2025] extend this framework to
cater to large point clouds by adopting the natural neighbors and
rewriting the global formulation as a local one. Gotsman and Hor-
mann [2024] propose a linear method derived from Stokes’ theorem,
yielding a simple global linear solve for consistent orientation. Fu
et al. [2025] transform the binary normal orientation problem into a
relaxed sign field optimization on a Delaunay graph and convert it
into a sparse linear system. Scrivener et al. [2025] model the input as
a conductive Faraday cage and solve a volumetric Poisson equation
for the electric potential with regard to multiple linear external
fields and derive surface normals from the maximum field strength.

Neural implicit methods have also been explored for reconstruc-
tion from unoriented point clouds. Ma et al. [2022] learn local con-
text priors from shape datasets and fit them to the input point cloud
by optimizing predictive queries. Instead of relying on dataset-level
priors, Ben-Shabat et al. [2022] directly optimize the neural implicit
representation using divergence-based regularization, while Wang
et al. [2023] enforce the singularity of the Hessian near the surface.
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3 Preliminaries
Notations. Let Ω ⊂ R3 be a bounded open set with a sufficiently

smooth boundary �Ω. We assume that the input point cloud {�� }��=1
uniformly samples �Ω. Let �,� ∈ R3 be generic points in space. In
the context of boundary integrals, � typically denotes the evaluation
point, and � denotes the integration variable. They also represent
points in the point cloud when written with subscripts. We use �
to represent the outward unit normal field on �Ω, while �� stands
for the normal at point �� . We use � to denote a general vector field
on �Ω, and �� for its discrete area-weighted counterpart associated
with point �� . The latter is the unknowns to be solved for in the
orientation problem. By a slight abuse of notation, we also use �,�, �
to denote the coordinate components of a point � ∈ R3 when the
context is clear.

3.1 Green’s Third Identity
Given a bounded open set Ω ⊂ R3 with a sufficiently smooth bound-
ary �Ω, Green’s third identity states that for a function � harmonic
in Ω, its value at a point � can be represented as a boundary integral.
The integral is given by:

�̂ (�) =
∫
�Ω

(
Φ(� − �) ��

��
(�) − � (�) �Φ

��
(� − �)

)
�� (�),

where Φ(�) = 1/(4� |� |) is the fundamental solution of the Laplace
equation in R3. The first part of the integrand is known as the single
layer potential, while the second part is called the double layer
potential. This integral formula remarkably yields the value of � (�)
depending on the location of � :

�̂ (�) =



� (�) � ∈ Ω

� (�)/2 � ∈ �Ω

0 � ∈ Ω̄�

.

In texts [Kress 2014; Steinbach 2008] this formula is often presented
for only � ∈ Ω or � ∈ Ω̄� ; for the boundary case, we provide a brief
derivation in the supplementary material.

When we choose � to be the constant function � = 1, we obtain
the classical winding number formula:

�̂ (�) =
∫
�Ω

(
Φ(� − �) · 0 − 1 · �Φ

��
(� − �)

)
�� (�) =




1 � ∈ Ω

1/2 � ∈ �Ω

0 � ∈ Ω̄�

.

In the orientation problem, the normal vector field �(�) on �Ω is
unknown and to be solved for. We consider� as a general vector field
on �Ω, and rewrite Green’s third identity and the winding number
formula as linear operators acting on �, mapping from vector fields
on �Ω to scalar fields in R3:

(A[�]�) (�) :=
∫
�Ω

(
Φ(� − �)∇� (�) − � (�)∇�Φ(� − �)) · � (�) �� (�),

(W�) (�) := (A[1]�) (�) =
∫
�Ω

−∇�Φ(� − �) · � (�) �� (�) .

Fig. 2. Visualization of a surface-divergence-free tangential perturbation �
that is invisible to the winding number operator W but visible to Green’s
third-identity operator A[� ]. Top: ground-truth normal field � = � on
the unit sphere. Bottom: perturbed field � = � + � , with � being tangen-
tial and surface-divergence-free. Left to right: (1) � on the point cloud; (2)
winding-number scalar field (unchanged by � ); (3) Green’s-third-identity
scalar field with harmonic � = � (changes under � ), showing � ∈ null(W)
but � ∉ null(A[� ] ) . Integrals are approximated by uniformly sampling the
unit sphere, and the resulting scalar fields are visualized on the ��-plane;
� (�, �, � ) = (0, 0, 1) × (�, �, � ) = (−�, �, 0) . The ripples on the boundary
come from near-field behaviors of discretized dipoles and are not of interest.

4 Method

4.1 Motivation
Existing winding-number-based methods solve over the space of
vector fields � on the surface, and apply constraints by fitting W� to
the true winding number function. However, a fundamental problem
with this formulation is the existence of a non-trivial nullspace in
the winding-number operator W. Let � be a smooth tangential
vector field on �Ω, then

(W�) (�) =
∫
�Ω

−∇�Φ(� − �) · � (�) �� (�)

=
∫
�Ω

−∇�ΩΦ(� − �) · � (�) �� (�)

=
∫
�Ω

Φ(� − �) div�Ω � (�) �� (�),

where ∇�Ω and div�Ω denote the surface gradient and surface di-
vergence, respectively. Since � is tangential, only the tangential
component of ∇Φ contributes to the dot product, which gives the
second line. The third line then follows from integration by parts
on the surface [Lee 2012]. Consequently, any tangent vector field �

that is divergence-free on the surface satisfies
∫
�Ω

−∇�Φ(� − �) · � (�) �� (�) = 0, ∀� ∈ R3 .

This family of fields constitutes a nullspace of the winding-number
operator. In practice, the presence of this nullspace leads to ill-
conditioning, necessitating artificial regularizations.
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In contrast, consider the Green’s third identity operator A[𝑢].
We examine

(A[𝑢]𝜏) (𝑥) =
∫
𝜕Ω

(
Φ(𝑦 − 𝑥)∇𝑢 (𝑦) − 𝑢 (𝑦)∇𝑦Φ(𝑦 − 𝑥)

) · 𝜏 (𝑦) 𝑑𝑆 (𝑦)
=

∫
𝜕Ω

Φ(𝑦 − 𝑥) (∇𝜕Ω𝑢 · 𝜏 + div𝜕Ω (𝑢𝜏)) (𝑦) 𝑑𝑆 (𝑦)

=

∫
𝜕Ω

Φ(𝑦 − 𝑥) (2∇𝜕Ω𝑢 · 𝜏 + 𝑢 div𝜕Ω 𝜏) (𝑦) 𝑑𝑆 (𝑦) .

The nullspace of A[𝑢] depends on the choice of harmonic function
𝑢, and is no longer described by a simple geometric condition. To
intuitively illustrate this difference of nullspaces, we show an exam-
ple of W and A[𝑢] acting on the normal field and that perturbed
by a divergence-free tangential vector field in Figure 2. We further
discuss the elimination of the tangential nullspace by an appropriate
choice of harmonic functions in Section 4.3.

4.2 Construction of the Linear System
With the integral equation arising from Green’s third identity, we
can choose any harmonic function 𝑢, and construct a linear system
to solve for the unknown normals. PGR [Lin et al. 2022] and AGR
[Ma et al. 2025a] derive their equations from the value of the winding
number on the boundary:

(W𝜂) (𝑥) = 1
2 , ∀𝑥 ∈ 𝜕Ω.

Following this approach, we evaluate Green’s third identity for a
harmonic function 𝑢 on the boundary:

(A[𝑢]𝜂) (𝑥) = 𝑢 (𝑥)
2 , ∀𝑥 ∈ 𝜕Ω.

Later in Section 4.3, we will show that this choice helps eliminate
the tangential nullspace.

We then discretize the integral equation by approximating the sur-
face integral with a discrete sum over the input point cloud {𝑦𝑖 }𝑁𝑖=1,
where each point 𝑦𝑖 represents a local surface patch. Let 𝜂𝑖 be the
area-weighted vector field value at 𝑦𝑖 , we define the discretized
operator 𝐴[𝑢] as follows:

(A[𝑢]𝜂) (𝑥) =
∫
𝜕Ω

(
Φ(𝑦 − 𝑥)∇𝑢 (𝑦) − 𝑢 (𝑦)∇𝑦Φ(𝑦 − 𝑥)

) · 𝜂 (𝑦) 𝑑𝑆 (𝑦)
≈

𝑁∑︁
𝑖=1

(
Φ(𝑦𝑖 − 𝑥)∇𝑢 (𝑦𝑖 ) − 𝑢 (𝑦𝑖 )∇𝑦Φ(𝑦𝑖 − 𝑥)

) · 𝜂𝑖 =: (𝐴[𝑢]𝜂) (𝑥).

In this discretization, Φ and its gradient become numerically prob-
lematic when𝑦𝑖 approaches 𝑥 . We handle this issue using the Gauss-
ian mollification described in Section 4.4. By evaluating the equation
at each input point, we obtain a linear system for the unknowns 𝜂𝑖 :

𝐴[𝑢]𝜂 = 𝑏 [𝑢] := (𝑢 (𝑥1)/2, 𝑢 (𝑥2)/2, . . . , 𝑢 (𝑥𝑁 )/2)⊤ .
This linear system is underdetermined with only 𝑁 equations for

3𝑁 unknowns. To address this, we generate additional constraints
by introducing a set of linearly independent harmonic functions
{𝑢𝑘 }𝐾𝑘=1. Stacking the resulting equations for each 𝑢𝑘 , a 𝐾𝑁 × 3𝑁
system is formed:

𝐴[𝑢𝑘 ]𝜂 = 𝑏 [𝑢𝑘 ], 𝑘 = 1, 2, . . . , 𝐾,

which can be solved in the least-squares sense as:

𝜂 = arg min
𝜂

𝐾∑︁
𝑘=1

|𝐴[𝑢𝑘 ]𝜂 − 𝑏 [𝑢𝑘 ] |2 .

4.3 Choice of Harmonic Functions
To discuss the choice of harmonic functions {𝑢𝑘 }𝐾𝑘=1, we first return
to the continuous setting and analyze the nullspace of the integral
equation A[𝑢]𝜂 = 𝑢/2 on 𝜕Ω. Following Section 4.1, substituting 𝜂
with a tangential vector field 𝜏 into A[𝑢]𝜂 = 0 on 𝜕Ω yields∫

𝜕Ω
Φ(𝑦 − 𝑥) (2∇𝜕Ω𝑢 · 𝜏 + 𝑢 div𝜕Ω 𝜏) (𝑦) 𝑑𝑆 (𝑦) = 0, ∀𝑥 ∈ 𝜕Ω.

Let 𝜑 = 2∇𝜕Ω𝑢 · 𝜏 + 𝑢 div𝜕Ω 𝜏 be the induced scalar density on the
surface. The above equation can be recognized as a single layer
operator applied to 𝜑 :

(S𝜑) (𝑥) :=
∫
𝜕Ω

Φ(𝑦 − 𝑥)𝜑 (𝑦)𝑑𝑆 (𝑦) = 0, ∀𝑥 ∈ 𝜕Ω.

Since the single layer operator S is injective on 𝐶 (𝜕Ω) → 𝐶 (𝜕Ω)
[Kress 2014, Theorem 7.39], 𝜏 lies in the nullspace if and only if𝜑 ≡ 0.
By choosing a collection of harmonic functions 𝑢 ∈ {1, 𝑥,𝑦, 𝑧}, i.e.
the constant and coordinate functions, 𝜏 is forced to be zero on the
whole surface, eliminating the tangential nullspace.

To further improve the conditioning of the system, we introduce
more harmonic functions to generate additional equations. A simple
yet effective choice that extends {1, 𝑥,𝑦, 𝑧} is the set of harmonic
polynomials up to a certain degree. In our implementation, we
use the real regular solid harmonics 𝑢𝑚

𝑙
derived from spherical

harmonics 𝑌𝑚
𝑙

:

𝑢𝑚𝑙 (𝑥) =

√

2𝑟 𝑙 Re(𝑌𝑚
𝑙
(𝜃, 𝜙)) 𝑚 > 0

𝑟 𝑙𝑌 0
𝑙
(𝜃, 𝜙) 𝑚 = 0√

2𝑟 𝑙 Im(𝑌 |𝑚 |
𝑙

(𝜃, 𝜙)) 𝑚 < 0
,

where {𝑢𝑚
𝑙
,−𝑙 ≤ 𝑚 ≤ 𝑙, 0 ≤ 𝑙 ≤ 𝐿} forms an orthonormal basis on

𝐿2 (𝑆2) for harmonic polynomials with degree up to 𝐿 (e.g. 𝑢0
0 = 1,

𝑢−1
1 = 𝑦, 𝑢0

1 = 𝑧, 𝑢1
1 = 𝑥 , etc. up to normalization). In practice, we

find that using harmonic polynomials up to degree 𝐿 = 2 provides a
good balance between numerical stability and computational cost.

Singular Value Analysis. Figure 3 compares the spectra of the
stacked normal matrices

∑
𝐴⊤𝐴 produced by PGR, AGR and our

method on a point cloud of 𝑁 = 2000 points sampled from the Stan-
ford Bunny model. PGR is underdetermined (𝑁 × 3𝑁 ) and thus has
at most 𝑁 non-zero singular values. AGR expands this to a 𝐾𝑁 ×3𝑁
system, but its smallest singular values still nearly vanish regardless
of 𝐾 , and the normal equations remain poorly conditioned. Our
experiments show that solving PGR and AGR requires artificial reg-
ularization like Tikhonov damping or priors like zero initialization
in iterative solvers. We provide detailed discussions in Section 3 of
the supplementary material.

In contrast, our method with𝑢 ∈ {𝑥,𝑦, 𝑧} yields a spectrum whose
minimum singular value is several orders of magnitude larger than
that of AGR, leading to a dramatically smaller condition number.
As an additional evidence to our analysis, if we keep 𝐾 = 3 but
replace one degree-1 polynomial by 𝑢 = 1, the tangential nullspace
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(a) Singular value distributions of AGR
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Fig. 3. Spectral properties of the normal matrices
∑
��� for AGR and G3R. The � = 1 case of both methods corresponds to PGR. (a) AGR remains

ill-conditioned as � increases, with many near-zero singular values. (b) G3R lifts the spectrum tail once the tangential nullspace is removed. (c) Accordingly,
G3R quickly attains a small condition number, while AGR stays highly ill-conditioned. For G3R, � counts the first � real solid harmonics ordered, e.g. {1},
{1, �}, {1, �, �}, {1, �, �, � }, . . ., and we additionally include the � ∈ {�, �, �} case which is not part of this sequence. In our analysis we used {1, �, �, �} to
eliminate the tangential nullspace, while experiments show that using {�, �, �} alone suffices. We include discussion on this in supplementary Section 2.

reappears and the spectrum tail collapses toward zero. As a result of
eliminating the tangential nullspace, G3R produces well-conditioned
normal equations, which can be solved robustly using direct solvers
without regularization.

4.4 Mollifying the Fundamental Solution
As noted in Section 4.2, the fundamental solution Φ(� − �) =
1/(4� |�−� |) and its gradient ∇�Φ(�−�) = (� −�)/(4� |�−� |3) are
both singular when � approaches � . Most winding-number-based
methods [Barill et al. 2018; Jacobson et al. 2013; Lin et al. 2022; Lu
et al. 2018; Ma et al. 2025a] therefore rely on ad-hoc near-field treat-
ments of the double layer kernel, typically by clipping or truncating
contributions from a small neighborhood of � = � . This heuristic is
often effective because the double layer kernel vanishes on the local
tangent plane at � = � . In our formulation based on Green’s third
identity, however, the single layer term does not enjoy the same
cancellation and generally contributes a non-negligible near-field
component. Naively truncating it can therefore bias the integral and
degrade numerical stability, which motivates a mollification of the
fundamental solution. Figure 4 visualizes this qualitative difference.

Recently, Koneputugodage et al. [2025] proposed a bounded ap-
proximation of the point-cloud winding number to alleviate the
near-field pathology of the standard formulation. However, this
treatment makes the resulting equations nonlinear in the unknown
area-weighted normals �. Thus rather than relying on near-field
truncation or a nonlinear reformulation, we follow the approach
proposed by Chen et al. [2024] and replace the standard fundamental
solution with a mollified version:

Φ� (�) =
erf

( |� |√
2�

)

4� |� | .

The negative Laplacian of the standard fundamental solution is
the Dirac delta function, while that of the mollified version is the

(a) Double layer kernel (b) Single layer kernel

Fig. 4. Double vs. single layer kernels near the singularity. For visual
clarity we plot height fields with the 2D analogue of the fundamental solu-
tion Φ over the offset (� − � ) . (a) The double layer kernel −�Φ/�� vanishes
on the local tangent space (dashed; arrow shows the inward normal), mak-
ing near-field truncation comparatively benign. (b) The single layer kernel
Φ is positive and sharply peaked at � = � .

Gaussian kernel with standard deviation � and integral 1.

−ΔΦ(�) = � (�), −ΔΦ� (�) = �� (�) = 1
(√2��)3

exp
(
− |� |2

2�2

)
.

This mollification smooths out the singularity, enabling stable nu-
merical evaluation. For the corresponding mollified version of Green’s
third identity, we apply Green’s second identity:

�̂� (�) =
∫
�Ω

(
Φ� (� − �) ��

��
(�) − � (�) �Φ�

��
(� − �)

)
�� (�)

=
∫
Ω
� (�) (−Δ�Φ� (� − �)) �� (�) =

∫
Ω
� (�)�� (� − �)�� (�).

Since the solid harmonics ��



we chose are harmonic in R3, the
mean value property implies that it is invariant under Gaussian
mollification. Moreover, when � lies on a smooth boundary �Ω and
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𝜖 is sufficiently small, the radially symmetric kernel 𝛿𝜖 (𝑦 − 𝑥) has
approximately half of its mass inside Ω and half outside. Thus, we
can conclude that for 𝑥 on 𝜕Ω,

𝑢𝜖 (𝑥) ≈ 1
2

∫
R3
𝑢 (𝑦)𝛿𝜖 (𝑦 − 𝑥)𝑑𝑉 (𝑦) = 𝑢 (𝑥)

2 .

Therefore, our integral equation remains unchanged for the molli-
fied version.

4.5 Octree-based Iterative Solver
While for moderate-sized point clouds, we can directly assemble and
solve the normal equations, scaling to large point clouds with tens or
hundreds of thousands of points poses significant computational and
memory challenges. The normal equation results in a dense 3𝑁 ×3𝑁
matrix. For point clouds with tens of thousands of points, storing
this matrix alone exceeds memory capacity. Moreover, assembling
and directly solving such matrices leads to cubic time complexity.

A common strategy to address this challenge is to use iterative
solvers like steepest descent or conjugate gradient, which only re-
quire matrix-vector products. Crucially, the kernel in our formula-
tion behaves similarly to the classical Gauss kernel: the interaction
between distant points 𝑥 and 𝑦 decays rapidly. We therefore lever-
age well-established octree acceleration techniques for fast kernel
summation [Barnes and Hut 1986], reducing the time complexity of
each matrix-vector product from 𝑂 (𝑁 2) to 𝑂 (𝑁 log𝑁 ).

5 Experiments
In this section, we first describe the experimental setup, includ-
ing implementation details and evaluation metrics. Subsequently,
we compare our method with state-of-the-art normal orientation
approaches across various datasets. Finally, demonstrate the robust-
ness of our method in handling challenging scenarios.

5.1 Experiment Setup
Implementation. We build the iterative version of our method

upon the octree-based implementation of PGR by Lin et al. [2024],
and implement both CPU and GPU versions of G3R. We provide
detailed explainations for octree-based acceleration and pseudocode
for the complete pipeline in the supplementary material. Our method
can run on a moderate machine and handle point clouds with mil-
lions of points.

For noise-free inputs, we set the mollification parameter 𝜖 to be a
value proportional to sampling density. Specifically, we set it to be
0.8 times the side length of the leaf node in the octree throughout
the experiments. For noisy inputs, this heuristic is less effective;
therefore, we determine 𝜖 empirically using fixed absolute values
tailored to each noise level. We use {𝑢𝑚

𝑙
| −𝑙 ≤ 𝑚 ≤ 𝑙, 0 ≤ 𝑙 ≤ 2} as

the set of harmonic functions, i.e., all nine harmonic polynomials of
degree up to 2. For the iterative solver, we use 20 steps of steepest
descent and 60 steps of conjugate gradient.

Metrics. We evaluate both normal orientation and mesh recon-
struction quality. With the ground-truth normals {𝑛gt

𝑖 } and esti-
mated normals {𝑛𝑖 }, we report the average point-cloud angular

Table 1. Quantitative comparisons of our method with other state-of-the-
art methods on normal orientation and mesh reconstruction from uni-
formly sampled point clouds with 50 K points. († indicates downsampling
to 5 K due to excessive time requirements.) Best results are highlighted in
bold. Our method achieves competitive performance on normal orienta-
tion (AE𝑝 , PCO) and best or near-best performance on mesh reconstruction
(CD,AE𝑚,HD). We additionally report reconstruction results from ground-
truth normals as a reference (excluded from the boldface comparison).

Metric Dataset GCNO † G3R † PGR iPSR WNNC AGR G3R GT

AE𝑝 (10−2) ↓
Famous 11.04 9.98 9.05 2.41 1.31 1.30 4.94 —
ABC 8.81 8.21 6.85 3.93 2.51 2.55 4.71 —
Thingi10K 6.33 6.05 5.01 2.31 1.24 1.38 3.00 —

PCO(%) ↑
Famous 92.53 95.25 95.92 99.36 99.63 99.74 98.54 —
ABC 94.01 96.45 96.54 97.46 98.18 98.24 97.95 —
Thingi10K 96.41 97.75 98.00 98.69 99.25 99.22 98.98 —

CD(10−4) ↓
Famous 39.53 19.20 6.75 4.74 3.27 3.32 4.10 2.74
ABC 36.19 18.59 5.95 4.93 3.66 3.44 3.57 3.91
Thingi10K 38.70 16.81 5.51 10.74 2.74 2.87 2.96 3.22

AE𝑚 (10−2) ↓
Famous 14.42 10.24 7.90 6.57 6.09 6.00 6.40 5.70
ABC 8.70 6.25 3.79 3.57 2.87 2.80 2.80 1.83
Thingi10K 5.33 3.93 2.27 2.04 1.50 1.56 1.51 0.81

HD(10−4) ↓
Famous 535.94 355.87 240.38 156.17 138.14 143.14 142.47 127.81
ABC 581.78 322.46 220.44 203.99 148.59 143.35 132.64 132.04
Thingi10K 605.60 432.29 243.56 287.58 191.57 198.82 192.46 204.95

error and the percentage of correctly oriented normals

AE𝑝 =
1
𝑁

𝑁∑︁
𝑖=1

(1 − 𝑛gt
𝑖 · 𝑛𝑖 )/2 , PCO = #{ 𝑖 : 𝑛gt

𝑖 · 𝑛𝑖 > 0 }/𝑁 .

To assess reconstruction quality, we generate meshes from the ori-
ented point clouds using SPSR [Kazhdan and Hoppe 2013] with
a maximum depth of 10 for all methods. We measure the Cham-
fer distance and the symmetric Hausdorff distance between the
ground-truth mesh Mgt and the reconstructed mesh M:

CD(Mgt,M) = 1
2𝑁

(
𝑁∑︁
𝑖=1

|𝑥𝑖 − 𝑥𝑖 | +
𝑁∑︁
𝑖=1

|𝑦𝑖 − 𝑦𝑖 |
)
,

HD(Mgt,M) = max
{

sup
𝑥∈Mgt

𝑑 (𝑥,M), sup
𝑦∈M

𝑑 (𝑦,Mgt)
}
,

where {𝑥𝑖 } is a uniform sampling of Mgt (resp. {𝑦𝑖 } for M), and
𝑥𝑖 , 𝑦𝑖 denote the closest point on the other mesh. We take 200K sam-
ples for 𝑁 in the Chamfer distance computation, and use the code
by Sacht and Jacobson [2024] to compute the Hausdorff distance.
Finally, we report the mesh normal error AE𝑚 on these closest-point
pairs and averaged in both directions.

5.2 Comparison with State-of-the-art Methods
We compare our method (G3R) with several state-of-the-art normal
orientation methods including GCNO [Xu et al. 2023], PGR [Lin
et al. 2022], iPSR [Hou et al. 2022], WNNC [Lin et al. 2024], and
AGR [Ma et al. 2025a]. We use the official public implementations
provided by the respective authors of each method, and use their
recommended parameters for all experiments. Most methods are
evaluated on uniformly sampled point clouds containing 50 K points.
However, due to the high computational and memory demands of
GCNO, we downsample the inputs to 5 K points for comparisons
involving this method.

SIGGRAPH Conference Papers ’26, July 19–23, 2026, Los Angeles, CA, USA.



Surface Reconstruction from Unoriented Points via Green’s 3rd Identity • 7

6.40
4.07
185.36

4.82
2.54
140.72

3.67
2.22
93.97

3.76
2.24
137.22

3.57
2.15
89.89

7.09
3.52
283.18

6.02
2.21
101.63

4.19
1.76
82.17

4.27
1.80
77.70

4.16
1.72
78.72

8.57
3.22
157.53

8.61
3.10
87.29

7.23
2.66
82.74

7.37
2.71
82.10

7.01
2.56
97.29

5.03
0.70
126.96

18.94
12.81
793.45

5.39
1.02
331.72

4.45
0.92
228.88

4.56
0.68
92.90

Input PGR iPSR WNNC AGR G3R

Fig. 5. Qualitative comparisons of our method (G3R) with other state-of-the-art methods on mesh reconstruction. Our method consistently produces
high-quality reconstructions across diverse shapes. We report Chamfer distance (×10−4), average angular error (×10−2) and Hausdorff distance (×10−4)
between the reconstructed mesh and the ground-truth mesh. Best results are highlighted in bold and red.

For quantitative comparisons, we evaluate our method on sev-
eral datasets, including 22 models from Famous [Erler et al. 2020],
100 models from ABC [Koch et al. 2019] and 100 models from
Thingi10K [Zhou and Jacobson 2016], which are previously used by
Ma et al. [2025a], and report average performance over each dataset.
Additionally, we reconstruct surfaces using the ground-truth nor-
mals. These results serve as a reference for the reconstruction quality
achievable under perfectly aligned normals. Table 1 summarizes
the average metrics on normal orientation and mesh reconstruc-
tion. For normal orientation, our method consistently outperforms
integral-equation-based methods, and achieves comparable perfor-
mance with the state-of-the-art fixed-point-based methods WNNC
and AGR. For mesh reconstruction quality, our method achieves
state-of-the-art performance, either best or near-best in all metrics
across all datasets.

We further provide visual comparisons that showcase the effec-
tiveness of our method. Figure 5 shows visual comparisons of our
method with other state-of-the-art methods. Our method consis-
tently produces high-quality reconstructions across diverse shapes.

In particular, we find that our method excels in recovering thin
structures. See Figure 6 for examples. Fixed-point iterative methods,
such as WNNC and iPSR, often struggle in these scenarios, as they
are prone to becoming trapped in local minima with misaligned
normals. In contrast, directly solving the integral equation provides
a more global perspective that is less sensitive to local ambiguities.

Noisy Inputs. We further compare our method with other state-of-
the-art methods on synthetic noisy inputs. We add Gaussian noise
with standard deviation 0.5% of the bounding box diagonal to each
point in the uniformly sampled point clouds with 50 K points. We set
the mollification parameter � to 0.04 for all models. Figure 7 shows
that our method maintains the ability to recover the thin structures
under noise, whereas other methods struggle. However, regarding
average metrics across the entire dataset, our method performs
slightly below fixed-point-based methods. Detailed quantitative
results for noisy inputs are provided in the supplementary material.
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GT Input PGR iPSR WNNC AGR G3R

Fig. 6. Qualitative comparison on models with thin structures. Result shows
that methods solving a single integral equation system (PGR and our G3R)
can successfully recover these features. In contrast, methods employing a
fixed-point iteration scheme (iPSR, WNNC, AGR) struggle to do so.

GT Input PGR iPSR WNNC AGR G3R

Fig. 7. Qualitative comparison on point clouds with Gaussian noise (std =
0.5% of bounding box diagonal). 50 K points are sampled from each model.

Fig. 8. Reconstruction results on point clouds with highly complex topolo-
gies. Left to right: input points, ground-truth mesh, reconstructed mesh.

5.3 Challenging Cases
Highly Complex Topology. We experiment on point clouds with

highly complex topologies in Figure 8. We sampled 80 K and 100 K

Fig. 9. Reconstruction results on wireframe point clouds.

Fig. 10. Reconstruction results on the Stanford raw range scans. Discon-
nected redundant components in reconstructed mesh caused by outliers
are removed manually for better visualization.
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Fig. 11. Memory usage and runtime comparisons across different methods.

points respectively. Our method successfully orients the normals
and captures the complex structures for both models.

Wireframe Sampling. 3D wireframe point clouds, typically gen-
erated by VR/AR sketching tools, pose significant challenge due to
their low sampling rates. We test our method on wireframe point
clouds from Huang et al. [2019], each consisting of around 1 K points.
In Figure 9 we show that our method can robustly orient normals
and reconstruct surfaces.

Real-world Scans. We present two results from raw range scans
from the Stanford 3D Scanning Repository [Krishnamurthy and
Levoy 1996; Turk and Levoy 1994]. The dataset comes from aligning
multiple range scans, and thus contain noise, imperfect alignment
and outliers. We directly apply our method on the raw point clouds
without preprocessing. The Armadillo scan contains 2,246,582 points,
while the Bunny scan contains 362,272 points. We set the mollifica-
tion parameter � to 0.01 for both models. As shown in Figure 10, our
method successfully orients normals and reconstructs high-quality
meshes from large-scale inputs with real-world imperfections.

5.4 Memory and Time Usage Comparisons
In Figure 11, we compare the peak memory usage (CPU + GPU),
preprocessing time, and main-stage runtime of our method with
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Fig. 12. Ablation study on the mollifier parameter 𝜖 on 50 K points sampled from the 3DBenchy model.
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Fig. 13. Ablation study on the number of harmonic functions on 50 K points sampled from the Stanford Bunny model.

other state-of-the-art methods. For our method, WNNC, AGR, and
iPSR, preprocessing corresponds to octree construction, while the
main stage solves for normals. For GCNO, preprocessing corre-
sponds to Delaunay triangulation, and the main stage corresponds
to the L-BFGS optimization. For all methods, file I/O and the final
reconstruction by SPSR are excluded.

The experiment is conducted on point clouds uniformly sampled
from the Armadillo model with varying sizes. G3R, WNNC, and
AGR are GPU-accelerated, whereas GCNO and iPSR are CPU-only.
All experiments are performed on a machine with an Intel Xeon
Gold 6530 CPU and an NVIDIA GeForce RTX 4090 GPU.

Overall, our method is slightly more expensive than WNNC and
AGR, due to the additional constraints it introduces and the cost
of evaluating the Green’s third-identity operator. Nevertheless, it
remains substantially more efficient than GCNO and iPSR, especially
for larger inputs.

5.5 Ablation Study
Figure 12 shows the effect of the mollification parameter 𝜖 on nor-
mal orientation accuracy and mesh reconstruction quality, with 𝜖
ranging from 2−16 to 2−3. The results show that 𝜖 = 2−12 provides
the best overall performance across the evaluated metrics, while
values from 2−14 to 2−8 still yield acceptable results.

Figure 13 shows the effect of increasing the number of harmonic
functions. We start from the first four regular solid harmonics (i.e.
𝑢 ∈ {1, 𝑥,𝑦, 𝑧}) and then add degree-2 and degree-3 harmonics
one by one. The results show that the normal metrics (AE𝑝 , PCO,
AE𝑚) improve gradually as more functions are included. Meanwhile,
Chamfer and Hausdorff distances vary only marginally, as they
are already very low. Harmonic polynomials up to degree 2 (i.e. 9
functions in total) provides the best overall trade-off. We therefore
use this configuration as the default.

6 Conclusion
In this work, we reviewed the winding-number-based normal orien-
tation methods from the perspective of boundary integral equations,
and identified the tangential nullspace problem in prior formula-
tions. To address this problem, we proposed a novel formulation that
leverages multiple harmonic functions to eliminate the tangential
nullspace, resulting in well-conditioned linear systems that can be
solved directly. Experiments demonstrated that our method achieves
state-of-the-art performance on surface reconstruction tasks.

Limitations and Future Work. We have shown that the tangential
nullspace problem can be resolved by introducing multiple harmonic
functions and posing constraints on the boundary only, it remains
to be seen whether the nullspace within the normal direction is zero.
Numerical experiments suggest that this is indeed the case, but a
rigorous proof is still lacking.

Our formulation still follows that of PGR, where constraints are
only enforced at the input points (i.e. on the boundary), which makes
it vulnerable to noise and outliers. In future work, combining G3R
with fixed-point iterative schemes could further improve robustness
to noise. Another direction is to model noise and outliers explicitly
with stochastic differential equations to enhance the resilience of
normal orientation. It would also be interesting to explore the use
of volumetric constraints to further enhance robustness.
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